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Overview

e Variational Autoencoder (VAE)
e Relation to Expectation-Maximization (EM)

e Vector Quantized VAE (VQ-VAE)



Variational Autoencoder (VAE)



Latent Variable Models

Assuming a data generation process:
5 5 P world model,
e z -latent variables ohysics model

e 1 -observed variables renderer, ...

s generator T

pose,
size,

color, images,

breed, videos,

audios, ...



Latent Variable Models

Assuming a data generation process:

* 2 -latent variables
* x - observed variables z has a distribution

Rl A

sample from Z generator

prior distribution

z ~p(2)




Latent Variable Models

Assuming a data generation process:

A generator »

p(2) p(z)
p(z|2)

e ~ -|atent variables
e 1 -observed variables



Latent Variable Models

Represent a distribution by a neural network
* @ -learnable parameters
* represent a function: pg(m\z)

A generator “

p(2) Po(x)
po(x|2)



Measuring how good a distributionis ...

Minimize Kullback—Leibler (KL) divergence:
Hbil’l DKL(pdata || Do )

= Maximize likelihood:

mea’x IE37’\“17da,ta log p9 (./L')

arg m@in DKL( Pdata H Do )

Pdata (Z)
po()

= argmin Y paara () log
= arg mein Z —Pdata () log pg(x) + const

= argmax ) puata(t)logpe(2)

T

= argmax Exmpyos, 108 Do(T)



Latent Variable Models

We want to maximize Eg,,.,. logps(z)




Latent Variable Models

We want to maximize Ei;~,,,., logps(x)
with py(x) represented as:

P () = / po(2)2)p(2)d

A generator “

p(2) Po(x)
po(x|2)




Latent Variable Models

We want to maximize E,~,,.,. logpe(x)
with py(x) represented as:

P () = / po (2] 2fp(2iz

A generator

e \We need to optimize for 0
P p(2)

Two sets of unknowns:

* We can’t control “true” p(2) po(x|2)

Idea: introduce a “controllable” distribution ¢( z)



Latent Variable Models

log pe(x) Rewrite log likelihood by latent 2



Latent Variable Models

log pe(x) Rewrite log likelihood by latent 2

= / q(z) log pe(x)dz

z



Latent Variable Models

log pe(x) Rewrite log likelihood by latent 2

= /Z q(2) log pe(x)dz
/q(z) log (pg(a;|z)p9(z))dz

2 po(z|x)




Latent Variable Models

log pe(x) Rewrite log likelihood by latent 2

= /Z q(2) log po(z)dz
/Z q(z)log (pe Sj(if;e)(@ )dz

/q(z) log (p9($|z)z?e(z) Q(Z))dz

z p9(2|33) Q(z)




Latent Variable Models

log pe(x) Rewrite log likelihood by latent 2
= / q(z) log po(x)dz
_ Nlog (PoZ12)Pe(2)N
—-qu()lg( po(2|z) )d
_ Nlow ((Po(212)Po(2) a(2)
- e (P )

pe(2) q(2)
J o) (1opotel) + 108 5 + 08 L 00 )



Latent Variable Models

log pe(x) Rewrite log likelihood by latent 2
= / q(z) log pe(x)dz
_ Nlog (PoZ12)Pe(2)N
B /zq( ! g( pe(z|x) )d
B Nlow ((Po(212)Po(2) a(2)
= [ atos (TR 1)
— < O v O pe(Z) O Q(Z) <
= /zq( )(1 gpo(z|2) + log () +1 gpe(zlx))d

= By | logpo(e]2)| — D (a(2)llpo(2)) + D (a(2)lpo(2]2) )



Latent Variable Models

intractable |log pg(x) Rewrite log likelihood by latent z

= |Eenys) | logpo(e]2)| — D (a(2)l1po(2)) +Dre (a(2)lIpo(2]2)

intractable




Latent Variable Models

—DKL(q(z)Hpe(zp;)) intractable

intractable logpg(m)‘

= K, q(2) [logpe($|z)] — DxvL (Q(Z’)Hpe(z))



Latent Variable Models

—DKL(q(z)||p9(z|x)) intractable

intractable logpg(:z:)‘

= |E,q2) [logp9($|z)] — DkL (Q(Z)Hpe(z))

\ J
Y

 This is called Evidence Lower Bound (ELBO)
* Lower bound of log pg(x)

* This equation holds for any distribution ¢(z)



Latent Variable Models

C.lqb(z\x) %(2”33)
E. miq | 108 P0(z12) ||~ i (780l po(2)

\ J
Y

 This is called Evidence Lower Bound (ELBO)
* Lower bound of log pg(x)

* This equation holds for any distribution ¢(z)

* Parameterize q(z) by q,(z|7)



Latent Variable Models

qy(z|z) qo(2lz)  p(2)
E.miq | 10870 (2]2) || — D (780 1Poie)

\ J
Y

 This is called Evidence Lower Bound (ELBO)
* Lower bound of log pg(x)

* This equation holds for any distribution ¢(z)

* Parameterize q(z) by q,(z|7)
* let py(2) be a simple known prior p(z)



Variational Autoencoder

Maximize ELBO = minimize an objective:

£6,6(2) = ~Enay(ciz) | 08 Po(al2) | + D (0(21o) Ip(2))



Variational Autoencoder

Maximize ELBO = minimize an objective:

£6,6(2) = ~Enay(ciz) | 08 Po(al2) | + D (0(21o) Ip(2))

X encoder K\ 2 decoder 33’

q¢(z\x)
po(x|2)



Variational Autoencoder

Maximize ELBO = minimize an objective:

£0,6(®) = ~Eargy(ofo) | 108 Po(x12) | + D (45 (212) Ip(2)

X encoder K\ 2 decoder 33’

q¢(z\x)
po(x|2)



Variational Autoencoder

Maximize ELBO = minimize an objective:

£0,6(2) = ~Fang,(o1s) | 108 P (212)| + Dt (a0(212) Ip(2))

~
od decoder gj’

q¢(z\x)
zA po(x|2)

p(2)

€T encoder



Variational Autoencoder

_Ez~q¢(z|w) [ log pe (CBlZ)}

Example: L2 loss

e one-step Monte Carlo: z ~ q4(z|z)

* map z by decoder net:| go(z) = '

* model pg(z|z) by Gaussian: py(z|z) = N(z | 2/, 02)

. L 1 -
* negative log likelihood: QH-%—%H + const

* L2 loss = a Gaussian neighborhood around data point x



Variational Autoencoder

Dia. (a6(212)]1p(2))

Example: Gaussian prior

let p(z) =N(z]0,1)

model g¢(z|z) by Gaussian: N (z | u,0o)

map x by encoder net: | fs(z) = p,0

compute loss analytically: DKL<N(Z |, 0) || N (2] 0,1))

fixed covariance = L2 loss on U



Variational Autoencoder

Maximize ELBO = minimize an objective:

£6,6(2) = ~Envy(eiz) | 08 Po(al2) | + D (40(21) Ip(2))

7 [\
€T encoder > > decoder €T

o — qs(%|x)

/

po(|2)



Variational Autoencoder

Maximize ELBO = minimize an objective:

£0,6(2) = ~Eangy(ofo) | 108 Po(#12)| + Dxe. (45 (21) Ip(2)

N/\f (0,1)

T encoder > Z=U+ O *E—=> 7 decoder (]j’

o — q5(%|x)
po(z|2)



Variational Autoencoder

... SO far, we have discussed an objective on one z:

£0,6(2) = ~Eangy(ofo) | 108 Po(#12)| + Dxe. (45 (21) Ip(2)

Overall loss is expectation over data:

Lo = — gy el | 108D (w]2) | + D (0 (210l p(2))



Variational Autoencoder

Inference (generation):
* sample z from: (0, 1)
* map z by decoder net: gy(2)

z N(07 I) = i

‘N decoder



Variational Autoencoder

Inference (generation):
« sample z from: N(0,1)
* map z by decoder net: gy(2)

O e

&
E} decoder & 4




Variational Autoencoder

Inference (generation):
« sample z from: N(0,1)
* map z by decoder net: gy(2)

& decoder




Variational Autoencoder

Inference (generation):
« sample z from: N(0,1)
* map z by decoder net: gy(2)

N(0,T)
A\ decoder A

Decoder is a deterministic mapping from one distribution to another.




A view of “Autoencoding Distributions”

* decoder: maps latent distribution to data distribution

A\ decoder A

P(2) pi(z)



A view of “Autoencoding Distributions”

* encoder: maps data distribution to latent distribution
* decoder: maps latent distribution to data distribution

encoder A decoder /“

Paara() p(2) pol)




A view of “Autoencoding Distributions”

* encoder: maps data distribution to latent distribution
* decoder: maps latent distribution to data distribution

A w(dr) M pal A

Paara() p(2) pol)




A view of “Autoencoding Distributions”

* encoded latent distribution: ¢4(2) =/q¢(z|x)pdata(x)dw

T

Pdata(T) 1o (2)



A view of “Autoencoding Distributions”

* encoded latent distribution: ¢4(2) =/q¢(z|a:)pdata(a:)da:

T




Illustration

data point

Q¢(Z|$2 generated data

L9
A A
qy(2|21)
data point .. data point
T O’ | -, T3

Q¢(Z’373)

Figure adapted from: Joseph Rocca “Understanding Variational Autoencoders (VAEs)”
https://towardsdatascience.com/understanding-variational-autoencoders-vaes-f70510919f73



lllustration

p(2): latent distribution




2D latent space on MINIST

VAE
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VAE: 2D latent space on MNIST
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VAE: 2D latent space on MNIST

round 1: train in latent space
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2D latent space on MINIST

VAE
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VAE: 2D latent space on “Frey Face” dataset
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Relation to
Expectation-Maximization (EM)



Recap: Latent Variable Models

Two sets of variables:
* q:distribution of latent
* (: parameters of generator

q(2)

VAE: A generator
* parametrize q by a network
e stochastic gradient decent

po(|2)
Expectation-Maximization (EM):
* often parametrize g analytically
 coordinate descent (i.e., alternating optimization)




EM as A Max-Max Procedure

ELBO = EfEdiata(w) [Equ(z|w) [10gp0(33|2)] — DKL (q(z|x)||p(z))]

q(2)

A generator

po(x|2)




EM as A Max-Max Procedure

nel%( ELBO(@,@(-))

Two sets of variables: ) A
. . . enerator
o @ - distribution of latent | 5

e |0 - parameters of generator
/ py(T)
py(x|2)
Coordinate descent:

* max-max procedure



EM as A Max-Max Procedure

i ELBO(0,q(-))

E-step: optimize for g Z)
. generator
¢ = pyc (|z)

Po(x)
po(x|2)



EM as A Max-Max Procedure

max ELBO (0, q(-))

| q(2)

E-step: optimize for g
A generator

g = pye) (z|z)

optimize for 6 ]3’(9(33‘2)

O+ — arg mgxe(me(t))

with sub-objective defined as: Q(010)) = E,,,.,.)Ep, ., (z|=) 108 Po (%, 2)]




EM as A Max—Max Procedure

q often in analytical forms

max ELBO (0, q(-))

0,q
E-step: optimize for g

g = pye) (z|z)

optimize for 6

O+ — arg mng(eyW))

-

Gaussian Mixtures
K-means

~

q(2)
A generator

pe(f‘z)

with sub-objective defined as: Q(010)) = E,,,.,.)Ep, ., (z|=) 108 Po (%, 2)]




A running example of EM: K-means




A running example of EM: K-means

e cluster centers: ¢

|initializedg®.’
centerg-




K-means

A running example of EM

0

cluster centers

t

assignmen




A running example of EM: K-means

e cluster centers: 6 o
* assignment: E-step . ¥ o
@ data point
I 2a° %% | 0 ifz=0
o ® 2\ ) =
1 Fe o a(zlz) 1 ifz=1
oL Z = ]. 1500} ° o
L =0 - . )




A running example of EM: K-means

cluster centers: ¢

assignment: E-step

N

o (|) 0 ifz=1
. zlx) =
9 1 ifz=0

_x: another data point

® | | | | |

-2 0 2 4 6



K-means

A running example of EM

>
O
(0]
| -
Q
s
C
Q
@)
o] 0)
C
]
(q0]
i ®)
o
-

00+ = arg max Q(A|0M)

cluster centers: ¢

assignment: E-step

4

update: VI-step




K-means

A running example of EM

v
E-step

cluster centers

|
<

t
M-step

assignmen

update:




K-means as Autoencoder

codebook (centers)

x encoder decoder x

e encode: map x to one-hot
* decode: map one-hot to =’
e z'isacenter . . L. ' ' ' '




K-means as Autoencoder

codebook (centers) }
®

discrete (categorical) distribution
w/ k categories

x encoder

e encode: map x to one-hot
* decode: map one-hot to =’
« z'isacenter TS — s s s s




K-means as Autoencoder
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K-means as Generative Models

codebook on MNIST, £ =64
* randomly sample: 2z ~ U|0, k)

* map z by the decoder

e generation result is one codeword E

/

z =11

* thisis avalid generative model
but not a “good” one

but a good thought model

2}
19

w[wl=e|uS]
nnnm=ﬂm

SRERS



thus far, ...

* VAE: maximize ELBO
* parameterize g by network
e optimize by Stochastic Gradient Descent

* EM: maximize ELBO
* parameterize q analytically
* optimize by Coordinate Descent

* K-means:
* special case of EM; special case of AE
* discrete distribution

* next: VQ-VAE



Vector Quantized VAE (VQ-VAE)



Recap

* Original VAE: latent variables are continuous

pdata($)



Discrete Latent Variables

* model multimodal distributions
e categorical: no particular relation between numbers (SSN, zip code, ...)

* symbolic: language, speech, planning, ...

V' NG

4s(2) py(T)

pdata(m)



Discrete Latent Variables + VAE

Maximize ELBO
e Reconstruction loss: about x
* Regularization loss: about z (discrete)

A& k) 1[171]]y | wlela A

Paara() 75(2) pol)




Discrete Latent Variables + VAE

Reconstruction loss: about x
* sameasVAE: —E, .z [logpg(a:|z)]

A el 1]1]]1  mla A

Paara() 75(2) pol)




Discrete Latent Variables + VAE

Regularization loss: about 2
* conceptually, same as VAE: DxL (q¢(Z|£I:)||p(z))
* but how can we backprop w.r.t. discrete sampling?

A qy(2|T) ThTﬂTT po(|2)

Pdata(T) 1o (2)




Discrete Latent Variables + VAE

Solution: K-means
 K-means is autoencoding
* K-means has an objective function (reconstruction loss)

* K-means implicitly encourages codebook uniformity

This leads us to VQ-VAE ...



Vector Quantized VAE

codebook

€€ -.-.

VQ

€T encoder > vQ
decoder

/
decoder
€ encoder 'Zq L

® HEEE N



Vector Quantized VAE

codebook

€€ -.-.

VQ

€T encoder > vQ
decoder

/
decoder
€ encoder 'Zq L

® HEEE N

|z — 2’|



Vector Quantized VAE

codebook

€€ -.-.

€T encoder > vQ

va decoder !
€ encoder 'Zq L

decoder

NIII H

conceptually, this is the K-means reconstruction loss: ||ze — 24 ||?

Isglze ()] — ell + Bllze(z) — sgle] 3



How to backprop through one-hot vector?

“straight-through” trick

e forward: hardmax’s output (i.e., argmax and one-hot)

* backward: softmax’s gradient

B Reelo[H stop_grad(hardmax(y) - softmax(y)) + softmax(y)



Vector Quantized VAE

A single one-hot latent is not useful
* it's “deep K-means”: with deep encoder/decoder
* avalid generative model; but not a “good” one

VQ-VAE: often used as “tokenizers”
e output multiple one-hot vectors
e don’t reduce latent spatial/temporal size to 1

e use ConvNet/Transformer as encoder and decoder



VQ-VAE as Tokenizers

codebook

€€ -.-.
ConvNet vQ vQ ConvNet
encoder e scocler B clecodie Z‘] decoder
P o o 5 hxXwXc

hxwXxk



Notes

* Both VAE and VQ-VAE can be “tokenizers” (produce spatial latents).

But:

e prior p(z) only models per-token (per-location) distribution
* prior p(z) doesn’t model joint distribution across tokens

* spatial tokens are not independent

* atinference, we can’t sample from i.i.d. prior p(z)

Next: modeling joint distribution:
e Autoregressive models
 Masked models

e Diffusion models



This Lecture

e Variational Autoencoder (VAE)
e Relation to Expectation-Maximization (EM)

e Vector Quantized VAE (VQ-VAE)
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